Abstract-This paper presents a class of polarization-agile arrays with controlled sidelobes. The architecture is based on the interleaving of two independently polarized sub-arrays through a deterministic strategy derived from Almost Difference Sets (ADSs). The efficiency, flexibility and reliability of the proposed design technique is assessed by means of a set of numerical simulations. Moreover, selected experiments aimed at comparing the performances of the presented approach with state-of-the-art design are provided. Finally, mutual coupling effects are numerically analyzed and discussed.
INTRODUCTION
Polarization-reconfigurable arrays play a fundamental role in modern wireless [1, 2] and radar systems [3] [4] [5] [6] since they allow an enhancement of their discrimination capabilities and a more significant clutter suppression. Moreover, polarization agility has been indicated as a tool for reducing glint errors in tracking radars [7] , as well as to mitigate multi-path fading in wireless communication systems [6] . More recent applications of polarization agile arrays include, for example, broadband communication systems for in-flight entertainment [6] .
In order to reach polarization agility, the integration of crosspolarized individual radiators in standard array configurations has been first considered [3] . Towards this end, several architectures based on actively controlled antennas [5, [8] [9] [10] [11] [12] [13] [14] [15] [16] have been proposed. Unfortunately, such an approach has the drawback of significantly increasing the overall system complexity [6] . In order to mitigate this problem, architectures exhibiting a reduced beam steering [17, 18] or considering sequential rotation of the feeding [19] have been investigated [6] .
However, also these approaches exhibit some limitations in terms of feeding network complexity, flexibility, or radiation properties [6] .
In this framework, shared aperture architectures with orthogonal polarizations have been recently proposed for the design of polarization-agile arrays [6] . More specifically, two fully interleaved layouts [20] have been considered for the synthesis of narrow beams with arbitrary polarization states [6] . Thanks to the properties of the employed Difference Sets (DS)-based interleaving scheme [21] , good performances in terms of polarization purity and peak sidelobe level control have been demonstrated with a simple feeding network [6] .
Nevertheless, the application of such design approach is limited by the availability of a DS blueprint of the suitable dimension [22] . Indeed, DSs have the fundamental drawback that they exist (or can be designed) only for specific lengths and thinning factors [22] [23] [24] . In order to overcome this limitation while achieving satisfactory results (i.e., close to those of DSs), the utilization of sets with suboptimal (i.e., three-level) autocorrelation properties has been proposed in the field of combinatorial mathematics [25, 26] . The so-called Almost Difference Sets (ADSs) [25, 26] have actually been successfully applied in several array design problems comprising thinned [27] [28] [29] [30] , interleaved [31, 32] , and M IM O [33] layouts. Hybrid ADSbased design methodologies have been proposed as well for wireless communications [34] and radio-astronomy applications [35] .
In such a framework, ADSs appear to be good candidates for enlarging the range of applicability of the design approach proposed in [6] without a significant degradation of the obtained performances in terms of P SL control and polarization purity.
In this paper, the exploitation of ADS blueprints for the design of polarization-agile interleaved arrays is introduced. The proposed approach is aimed at synthesizing arrays with performances close to that obtained by DSs, while enlarging the set of admissible design configurations. It is worth remarking that the objective of the paper is not to synthesize optimal layouts, but rather (a) to propose simple and reliable guidelines which can be exploited when a sub-optimal but computationally efficient design tool is preferred to a stochastically optimization, and (b) to suggest a possible initialization for a global optimizer aimed at synthesizing the optimal architecture. Towards this end, the considered polarization-agile architecture is discussed in Section 2 along with the ADS design methodology and the expected features. Afterwards, an extensive numerical analysis aimed at highlighting advantages and drawbacks of the proposed approach also in comparison with state-of-the-art techniques is presented (Section 3). The effects of mutual coupling on the performances of ADS-based polarization agile arrays is then assessed by means of full-wave simulations exploiting the method of moments (M oM ).
MATHEMATICAL FORMULATION
Let us consider a planar array composed of N = P ×Q equally weighted elements spaced by s x × s y wavelengths. Let the elements be grouped into two sub-arrays (respectively called "H" and "V " sub-arrays) of K V and K H = N − K V elements, and assume that each one of them contains identical elementary radiators. The far-field radiation pattern of such array, in the absence of mutual coupling, is given by [7, 36, 37] 
where
is the field radiated by the "T " sub-array [T = {H, V }], and AF T (u, v) is the sub-array factor
EF T (u, v) is the element pattern, w T (p, q) the weight of its (p, q)-th element (with w H (p, q) = 1 − w V (p, q) and
, and (u 0 , v 0 ) the steering direction. Indeed, each subarray is fed by a single amplifier, as it can be noticed by the sketch of the considered architecture [ Fig. 1 ]. As regards the achievable polarization states, by writing E(u, v) in the steering direction in terms of its polar components
and using (1), it turns out that
Solving the linear system (5) with respect to α H and α V , one obtain that the following set of complex coefficients
Eq. (6) opens the path towards obtaining arbitrary polarization states by conveniently adjusting {α H , α V } to obtain the desired
. This can be easily assured by considering, for example, orthogonally displaced linearly polarized elements for the two sub-arrays [6] . Although the considered architecture allows an easy control of the polarization state of the radiated wave, the same does not hold true for its peak sidelobe level [6] . Indeed, such a parameter, which is of great importance for radar and wireless system and is defined as
[S(u, v) = |E(u, v)| 2 being the total radiated power and R † the radiation pattern mainlobe region] depends on w H (p, q) and
As a consequence, ad-hoc design techniques have to be employed in order to guarantee low PSL values [6] .
In this paper, the application of ADS blueprints to the synthesis of polarization-agile interleaved arrangements is proposed. Towards this end, the sub-array aggregation for the H layout is selected as follows
that is a set of K H unique elements belonging to G Z P ⊗ Z Q (Λ H , t being parameters which define the autocorrelation properties of the considered ADS) [25, 26] . Such a sub-array therefore is actually an ADS-based thinned array [28] . Accordingly, it can be deduced that [28] 
where Ξ H (k, l)
, of ADS-binary sequences, i.e., the following three-level function [25, 26] 
which, as anticipated, is very close to the two-level autocorrelation of DS sequences [26] . By using (10) and (9), one can deduce that the samples of the square amplitude of AF H (u, v) are equal to [28] 
, and (τ r x , τ r y ), r = 1, . . . , N −1−t, are the indexes at which ξ H (τ r x , τ r y ) = Λ H + 1 [28] . Thanks to (9) , a set of a-priori bounds, which applies to AF H (u, v), have been derived for the P SLs of ADS-based thinned arrays [28] . However, in order to assess the behaviour of the interleaved architecture of interest, the properties of AF V (u, v) have to be analyzed as well. Towards this end, let us consider the following theorem: ‡ ADS properties, construction techniques, theorems and explicit expressions can be found in [25, 26, 43] .
Accordingly, the coefficients of the interleaved array w V (p, q) again correspond to an ADS arrangement. As a consequence, several properties derived in [28] can be straightforwardly extended. More specifically:
• both sub-arrangements are expected to exhibit low P SL values [28] ; • each ADS pair {A V , A H } can be used to obtain up to P × Q different interleaved layouts by considering its cyclically-shifted version {A
• for any aperture size, the computational costs to carry out an array synthesis is negligible [28] .
From Theorem 1, one can also deduce that the autocorrelation functions of the two arrays are equal except for an offset of
and that, therefore, the corresponding IDF T s differ only in the origin of the k − l plane
. These properties are visually exemplified by the w V (p, q) and w H (p, q) blueprints resulting from the (49, 25, 12, 24)-ADS [43] as well as by the associated autocorrelation functions, which exhibit the predicted three-level behaviour as well as the expected relative shift [ Fig. 2(b) ].
Notwithstanding the remarked properties of ADS interleaved arrangements, a straightforward exploitation of the bounds derived in [28] is not allowed for the considered polarization-agile layout. Indeed, they have been derived for the optimally shifted layouts resulting from A H (or A V ) [28] . However, when dealing with interleaved arrangements, it is not generally possible to determine a shift which is optimal for both A H and A V [31] . Moreover, those bounds apply either to AF H (u, v) or AF V (u, v) [28] , while, in this case, the properties of the superposition of the two fields taking into account the effects of the element factor [see Eq. (1)] are of interest. ADS -P=Q=7, ν =0.5
(a) Example of P = Q = 7-ADS interleaved sequences and (b) associated autocorrelation function.
From the above discussion, it turns out that an extension of the bounds presented in [28] to the considered case is not at hand due to the arbitrary values of α H , α V , EF H (u, v), and EF V (u, v) in Eqs. (1)- (2) and to the requirement to deal with sub-optimal shift values for the ADS blueprint pair. Accordingly, a numerical analysis is mandatory to assess the reliability, performances and drawbacks of the considered interleaving scheme for polarization-agile array design.
NUMERICAL ANALYSIS
In this section, the results of an extensive numerical study are presented to point out the features, the potentialities, and the limitations of ADSs for polarization-agile array design. Towards this end, a set of benchmark ADS blueprints with different size and properties are considered. In order to assess the quality of the resulting arrangements, both the arising P SL and the polarization purity index Σ § , defined as
[R V being the visible region, and ε(u, v) being the ellipticity angle of the radiated field [6, 37, 38] ] will be analyzed next. In the following, § Σ takes into account the similarity between the desired polarization and the obtained one.
analogously to [6] , flanged apertures of size 
otherwise .
) is enforced in the steering direction by means of (6) .
As a first numerical experiment, the performance of the layouts obtained by the (49, 25, 12, 24)-ADS [43] (P = Q = 7, K H = 25, and K V = 24) are analyzed. (Fig. 3) . The efficiency of the resulting layouts in terms of P SL control are confirmed by the plots of S(u, v) for the six points belonging to the Pareto front (whose layouts are provided in Fig. 8 ), which show that, although 
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Higher bound each shift yields a different sidelobe shape, a regular behaviour can be observed for (u, v) ∈ R in all cases (Fig. 4) . Moreover, the radiation patterns in the planes ϕ = ε(θ=π/6,φ)
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Higher bound Fig. 6 ), while the ellipticity is largely different almost for all angular directions outside R. Moreover, by jointly analyzing the plots of ε(u, v) with those of S(u, v) (Fig. 6 vs.  Fig. 4), it turns out that the (u, v) Fig. 7(b) ], where S(u, v) < −30 [dB] . This allows one to conclude that the ADS synthesis procedure induces an efficient polarization filtering [6] , as it is confirmed by the associated Σ values ( Table 1 ). The layouts associated to the six points belonging to the Pareto front are reported in Fig. 8 for completeness. The effectiveness of ADS blueprints for the design of polarizationagile arrays is confirmed by the second set of experiments, dealing with larger values of P and Q (Fig. 9) .
More specifically, the plots of Σ vs.
P SL for the layouts resulting from the (121, 61, 30, 60)-ADS [ Fig. 9(a)], (289, 145, 72, 144)-ADS [Fig. 9(b) 
.49 for P = Q = 37 and
.74 × 10 −3 , Fig. 9 ]. Such a behaviour indicates that the sidelobe control as well as the polarization filtering capabilities of ADS arrays improve for larger values of P × Q, as Moreover, by comparing the Pareto fronts for different P Q values, it is worth observing that larger apertures correspond to smaller variations between the resulting P SLs (Fig. 11) . Furthermore, Σ depends significantly on the array size, while in a minor way on the considered shift value (Fig. 11) . This suggests that a good polarization 0  15  30  45  60  75  90  105  120  135  150  165 180 ε(θ=π/6,φ)
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ADS -P=Q=31, ν=0.5, σ x =27, σ y =6 [Simeoni, 2009] (c) (d) filtering is obtained thanks to the considered ADS guideline whatever the employed tradeoff. In order to complete the analysis of ADS-based polarization-agile arrays, a comparison with state-of-the-art techniques is considered. By comparing the behaviour of P SL and Σ for the layout considered The numerical simulations have been carried out considering the elementary radiators, element spacing and size of [6] . As a final numerical experiment, the mutual coupling between the individual elements is taken into account to evaluate its effects on ADS-based polarization agile layouts. Towards this end, a numerical simulation of the architecture considered in Fig. 8 (c) (P = Q = 7) has been carried out by using a M oM -based full-wave solver, and evaluating the arising radiation pattern S M oM (u, v) 
CONCLUSIONS
In this paper, an ADS-based methodology has been proposed to design arrays with polarization-agile features. The method relies on the interleaving of two independently polarized sub-arrays with different feeding amplitudes and phases. The properties of ADS-based layouts are exploited in order to guarantee a good P SL control whatever the desired polarization state. An extensive numerical validation has been carried out to assess the feasibility and reliability of the proposed ADS methodology as well as the arising P SL and polarization filtering performances. Moreover, selected numerical simulations aimed at comparing the proposed methodology with state-of-the-art approaches have been presented. Furthermore, the effects of mutual coupling between the array elements have been evaluated by means of full-wave simulations. The obtained results have pointed out that
• each ADS blueprint can be exploited to synthesize a set of tradeoff polarization-agile arrangements with negligible computational efforts;
• improved sidelobe control and polarization filtering performances can be obtained when enlarging the array aperture; • ADS layouts favorably compare with state-of-the-art DS designs in terms of P SL and Σ performances, and they are available for a wider set of descriptive parameters; • the polarization filtering capabilities of ADS layouts are only negligibly affected by the presence of mutual coupling, while higher P SL values are obtained when such effects are taken into account; • analogously to [6] , the proposed architecture has several realization advantages with respect to standard polarization agile architectures relying on reconfigurable array elements; • the ADS blueprints can be used as a starting point for a local or global optimization procedure in order to improve their rate of convergence. Future efforts will be aimed at providing a-priori estimates of the polarization filtering and P SL performances of interleaved arrangements based on ADS sequences, as well as the analysis of suitable countermeasures to mutual coupling effects, including the design of ad-hoc elementary radiators for the "H" and "V " subarrays. Finally, although out-of-the-scope of this paper and related to combinatorial mathematics, advances in ADS generation techniques are expected.
